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INTRODUCTION TO HEAT TRANSFER

What is Heat Transfer?
Energy in transit due to a temperature difference.

How is heat transferred?
Conduction through a solid or a stationary fluid
Convection from a surface to a moving fluid (or vice versa)
Net radiation heat exchange between two or more surfaces.
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INTRODUCTION TO HEAT TRANSFER

Our focus Our focus
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CONDUCTION
Physical Origins and Rate Equations
• Transfer of energy from more energetic

particles of a substance to adjacent less
energetic ones as a result if interactions
between the particles

• No net motion of material (only diffusion
of energy)

• Can occur in solids, stationary liquids and
gases

• Three-dimensional in nature

Source: Cengel et al. 2010
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GEOTHERMAL CYCLES

Source: arcticgreencorp.com



Method and Techniques in Geothermal Power Plant Training

Presented by _________

MECHANISMS OF HEAT CONDUCTION

• In a solid, the flow of heat by conduction is the result of the
transfer of vibrational energy from one molecule to another.

• In fluids: it occurs in additional as a result of the transfer of
kinetic energy.

• Heat transfer by conduction may also arise from the
movement of free electrons, a process which is particularly
important with metals and accounts for their high thermal
conductivities.

• It is need a medium to transfer, and moves from high region
to low region
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STEADY AND TRANSIENT HEAT TRANSFER
• Steady (steady-state):  no change with time at any point within the 

medium

• Transient(unsteady): implies variation with timeor time dependence.
Source: Cengel et al. 2010

Source: Cengel et al. 2010
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MULTIDIMENSIONAL HEAT TRANSFER
Heat transfer problems are classified as being one-dimensional,
two-dimensional,or three-dimensional (depending on the relative
magnitudes and the level of accuracy). In the most general case,
heat transfer through a medium is three-dimensional.

The temperature distribution throughout the medium:
Cartesian Coordinates 𝑇𝑇 𝑥𝑥,𝑦𝑦, 𝑧𝑧
Cylindrical Coordinates 𝑇𝑇 𝑟𝑟,∅, 𝑧𝑧
Spherical Coordinates 𝑇𝑇 𝑟𝑟,𝜑𝜑,𝜃𝜃



Method and Techniques in Geothermal Power Plant Training

Presented by _________

HEAT TRANSFER RATE OF CONDUCTION
Fourier’s Law
The rate of heat conduction through a
medium (for example in the x-
direction) is proportional to the
temperature difference across the
medium and the area normal to the
direction.

𝑄̇𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = −𝑘𝑘𝑘𝑘
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

where
𝑘𝑘 is thermal conductivityof the material
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

is the temperature gradient

Source: Cengel et al. 2010
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The heat flux vector at a point P on this surface must be perpendicular to
the surface, and it must point in the direction of decreasing temperature.

Source: Cengel et al. 2010

The rate of heat conduction at that point can be
expressed by Fourier’s law as:

𝑄̇𝑄𝑛𝑛 = −𝑘𝑘𝑘𝑘 𝜕𝜕𝑇𝑇
𝜕𝜕𝑥𝑥

(𝑊𝑊)

In rectangular coordinates:
𝑄̇𝑄𝑛𝑛 = 𝑄̇𝑄𝑥𝑥𝒊𝒊 + 𝑄̇𝑄𝑦𝑦𝒋𝒋 + 𝑄̇𝑄𝑧𝑧𝒌𝒌

It can be determined from Fourier’s law as:

𝑄̇𝑄𝑥𝑥 = −𝑘𝑘𝐴𝐴𝑥𝑥
𝜕𝜕𝑇𝑇
𝜕𝜕𝑥𝑥

, 𝑄̇𝑄𝑦𝑦 = −𝑘𝑘𝐴𝐴𝑦𝑦
𝜕𝜕𝑇𝑇
𝜕𝜕𝑦𝑦

, and 𝑄̇𝑄𝑥𝑥 = −𝑘𝑘𝐴𝐴𝑧𝑧
𝜕𝜕𝑇𝑇
𝜕𝜕𝑧𝑧

Source: Cengel et al. 2010
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HEAT GENERATION
Heat Generation: A medium through which heat is conducted may 
involve the conversion of electrical, nuclear, or chemical energy 
into heat (or thermal) energy

The rate of heat generation in a medium may 
vary with time as well as position within the 
medium. The total rate of heat generation in a 
medium of volume V can be determined from:

𝐺̇𝐺 = ∫𝑣𝑣 𝑔𝑔 𝑑𝑑𝑑𝑑 (𝑊𝑊)

Source: Cengel et al. 2010
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1-D HEAT CONDUCTION EQUATION

Heat conduction in can be approximated as being 
one-dimensional since heat conduction through 
these geometries will be dominant in one direction 
and negligible in other directions.

Heat Conduction Equation in a Large Plane Wall
An energy balance on this thin element during a 
small time interval ∆𝑇𝑇 be expressed as:

𝑄̇𝑄𝑥𝑥 − 𝑄̇𝑄𝑥𝑥+∆𝑥𝑥 + 𝐺̇𝐺𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 =
∆𝐸𝐸𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

∆𝑇𝑇

Source: Cengel et al. 2010
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1-D HEAT CONDUCTION EQUATION
The one-dimensional transient heat conduction equation in a plane wall:

Variable conductivity: 𝜕𝜕
𝜕𝜕𝑥𝑥

𝑘𝑘 𝜕𝜕𝑇𝑇
𝜕𝜕𝜕𝜕

+ 𝑔̇𝑔 = 𝜌𝜌𝜌𝜌 𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡

The thermal conductivity 𝑘𝑘 of a material depends on the temperature, and
thus it cannot be taken out of the derivative. However, the thermal
conductivity in most practical applications can be assumed to remain
constantat some average value. The equation above in that case reduces to:

Constant conductivity: 𝜕𝜕2𝑇𝑇
𝜕𝜕𝑥𝑥2

+ 𝑔̇𝑔
𝑘𝑘

= 1
𝛼𝛼
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

Where 𝛼𝛼 is the thermal diffusivity, 𝛼𝛼 = 𝑘𝑘
𝜌𝜌𝜌𝜌
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1-D HEAT CONDUCTION EQUATION

For the following forms under specified conditions for a Large Plane Wall :

1. Steady-state 𝜕𝜕
𝜕𝜕𝜕𝜕

= 0 : 𝑑𝑑2𝑇𝑇
𝑑𝑑𝑥𝑥2

+ 𝑔̇𝑔
𝑘𝑘

= 0

2. Transient, no heat generation 𝑔̇𝑔 = 0 : 𝜕𝜕2𝑇𝑇
𝜕𝜕𝑥𝑥2

+ 𝑔̇𝑔
𝑘𝑘

= 1
𝛼𝛼
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

3. Steady-state, no heat generation 𝜕𝜕
𝜕𝜕𝜕𝜕

= 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝑔̇𝑔 = 0 : 𝑑𝑑2𝑇𝑇
𝑑𝑑𝑥𝑥2

= 0
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1-D HEAT CONDUCTION EQUATION

Heat Conduction Equation in a Long Cylinder
Consider a thin cylindrical shell element of thickness ∆𝑟𝑟 in a long cylinder.

Assume the density of the cylinder is 𝜌𝜌, the 
specific heat is 𝐶𝐶, and the length is 𝐿𝐿.
The one-dimensional transient heat conduction 
equation in a a cylinder:

Variable conductivity:
1
𝑟𝑟

𝜕𝜕
𝜕𝜕𝜕𝜕

𝑟𝑟𝑘𝑘 𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟

+ 𝑔̇𝑔 = 𝜌𝜌𝜌𝜌 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

The equation above in that case reduces to:

Constant conductivity:
1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

𝑟𝑟 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑔̇𝑔
𝑘𝑘

= 1
𝛼𝛼
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

Source: Cengel et al. 2010
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1-D HEAT CONDUCTION EQUATION

For the following forms under specified conditions for a Cylinder:

1. Steady-state 𝜕𝜕
𝜕𝜕𝜕𝜕

= 0 : 1
𝑟𝑟
𝑑𝑑
𝑑𝑑𝑟𝑟

𝑟𝑟 𝑑𝑑𝑇𝑇
𝑑𝑑𝑟𝑟

+ 𝑔̇𝑔
𝑘𝑘

= 0

2. Transient, no heat generation 𝑔̇𝑔 = 0 : 1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕

𝑟𝑟 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 1
𝛼𝛼
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

3. Steady-state, no heat generation : 𝑑𝑑
𝑑𝑑𝑟𝑟

𝑟𝑟 𝑑𝑑𝑇𝑇
𝑑𝑑𝑟𝑟

= 0
𝜕𝜕
𝜕𝜕𝜕𝜕

= 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝑔̇𝑔 = 0
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1-D HEAT CONDUCTION EQUATION

Heat Conduction Equation in a Sphere
Consider a sphere with density 𝜌𝜌, specific heat 𝐶𝐶, and outer radius 𝑅𝑅.

Source: Cengel et al. 2010

The one-dimensional transient heat conduction 
equation in a sphere:

Variable conductivity:
1
𝑟𝑟2

𝜕𝜕
𝜕𝜕𝜕𝜕

𝑟𝑟2𝑘𝑘 𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟

+ 𝑔̇𝑔 = 𝜌𝜌𝜌𝜌 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

The equation above in that case reduces to:

Constant conductivity:
1
𝑟𝑟2

𝜕𝜕
𝜕𝜕𝜕𝜕

𝑟𝑟2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑔̇𝑔
𝑘𝑘

= 1
𝛼𝛼
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
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1-D HEAT CONDUCTION EQUATION

For the following forms under specified conditions for a Sphere :

1. Steady-state 𝜕𝜕
𝜕𝜕𝜕𝜕

= 0 : 1
𝑟𝑟2

𝑑𝑑
𝑑𝑑𝑟𝑟

𝑟𝑟2 𝑑𝑑𝑇𝑇
𝑑𝑑𝑟𝑟

+ 𝑔̇𝑔
𝑘𝑘

= 0

2. Transient, no heat generation 𝑔̇𝑔 = 0 : 1
𝑟𝑟2

𝜕𝜕
𝜕𝜕𝜕𝜕

𝑟𝑟2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 1
𝛼𝛼
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

3. Steady-state, no heat generation :
𝑑𝑑
𝑑𝑑𝑟𝑟

𝑟𝑟2 𝑑𝑑𝑇𝑇
𝑑𝑑𝑟𝑟

= 0, or

𝜕𝜕
𝜕𝜕𝜕𝜕

= 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝑔̇𝑔 = 0 r 𝑑𝑑
2𝑇𝑇

𝑑𝑑𝑟𝑟2
+ 2 𝑑𝑑𝑇𝑇

𝑑𝑑𝑟𝑟
= 0
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GENERAL HEAT CONDUCTION EQUATION
From Fourier-Biot equation 𝜕𝜕2𝑇𝑇

𝜕𝜕𝑥𝑥2
+ 𝜕𝜕2𝑇𝑇

𝜕𝜕𝑦𝑦2
+ 𝜕𝜕2𝑇𝑇

𝜕𝜕𝑧𝑧2
+ 𝑔̇𝑔

𝑘𝑘
= 1

𝛼𝛼
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

, we can 

determine general heat conduction equation for different cases:
1.Rectangular Coordinates

a. Steady-state (Poisson equation) : 𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑥𝑥2
+ 𝜕𝜕2𝑇𝑇

𝜕𝜕𝑦𝑦2
+ 𝜕𝜕2𝑇𝑇

𝜕𝜕𝑧𝑧2
+ 𝑔̇𝑔

𝑘𝑘
= 0

b. Transient, no heat generation :𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑥𝑥2
+ 𝜕𝜕2𝑇𝑇

𝜕𝜕𝑦𝑦2
+ 𝜕𝜕2𝑇𝑇

𝜕𝜕𝑧𝑧2
= 1

𝛼𝛼
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

(diffusion equation)

c. Steady-state, no heat generation :𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑥𝑥2
+ 𝜕𝜕2𝑇𝑇

𝜕𝜕𝑦𝑦2
+ 𝜕𝜕2𝑇𝑇

𝜕𝜕𝑧𝑧2
= 0

(Laplace equation)

Source: Cengel et al. 2010
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GENERAL HEAT CONDUCTION EQUATION
2. Cylindrical Coordinates
Using the following relations between the coordinates of a point in
rectangular and cylindrical coordinate systems:

𝑥𝑥 = 𝑟𝑟 𝑐𝑐𝑐𝑐𝑐𝑐∅, y = r sin∅, and 𝑧𝑧 = 𝑧𝑧

The general heat conduction equation in cylindrical
coordinates

1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟 𝑘𝑘𝑘𝑘 𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟 + 1

𝑟𝑟2
𝜕𝜕
𝜕𝜕∅ 𝑘𝑘𝑘𝑘 𝜕𝜕𝜕𝜕𝜕𝜕∅ + 𝜕𝜕

𝜕𝜕𝑧𝑧 𝑘𝑘 𝜕𝜕𝜕𝜕
𝜕𝜕𝑧𝑧 + 𝑔̇𝑔 = 𝜌𝜌𝜌𝜌 𝜕𝜕𝜕𝜕

𝜕𝜕𝑡𝑡

Source: Cengel et al. 2010
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GENERAL HEAT CONDUCTION EQUATION
3. Spherical Coordinates
Using the following relations between the coordinates of a point in
rectangular and spherical coordinate systems:

𝑥𝑥 = 𝑟𝑟 𝑐𝑐𝑐𝑐𝑐𝑐∅ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠, y = r sin∅ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠, and 𝑧𝑧 = 𝑟𝑟 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃

The general heat conduction equation in spherical
coordinates
1
𝑟𝑟2

𝜕𝜕
𝜕𝜕𝑟𝑟

𝑘𝑘𝑟𝑟2 𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟

+ 1
𝑟𝑟2𝑠𝑠𝑠𝑠𝑠𝑠2∅

𝜕𝜕
𝜕𝜕∅

𝑘𝑘 𝜕𝜕𝜕𝜕
𝜕𝜕∅

+ 1
𝑟𝑟2𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃

𝜕𝜕
𝜕𝜕𝜕𝜕

𝑘𝑘 𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑔̇𝑔 = 𝜌𝜌𝜌𝜌 𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡

Source: Cengel et al. 2010
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BOUNDARY AND INITIAL CONDITIONS
OF CONVECTION

1. Specified Temperature Boundary Condition
𝑇𝑇 0, 𝑡𝑡 = 𝑇𝑇1
𝑇𝑇 𝐿𝐿, 𝑡𝑡 = 𝑇𝑇2

2. Specified Heat Flux Boundary Condition

𝑞𝑞 = −𝑘𝑘 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥

= 𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑖𝑖𝑖𝑖 𝑡𝑡𝑡𝑡𝑡
𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑥𝑥 − 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (𝑊𝑊/𝑚𝑚2)

Source: Cengel et al. 2010

Source: Cengel et al. 2010

Specified Temperature Boundary

Specified Heat Flux Boundary
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Special Case: Insulated Boundary

𝐶𝐶 = 0 or 𝜕𝜕𝜕𝜕(0.𝑡𝑡)
𝜕𝜕𝜕𝜕

= 0

Another Special Case: Thermal Symmetry
𝜕𝜕𝜕𝜕(𝐿𝐿2, 𝑡𝑡)

𝜕𝜕𝜕𝜕
= 0

Insulated Boundary

Source: Cengel et al. 2010

Source: Cengel et al. 2010

Thermal Symmetry
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3. Convection Boundary Condition

−𝑘𝑘 𝜕𝜕𝜕𝜕 0,𝑡𝑡
𝜕𝜕𝜕𝜕

= ℎ1[𝑇𝑇∞1 − 𝑇𝑇 0, 𝑡𝑡 ]

and

−𝑘𝑘 𝜕𝜕𝜕𝜕 𝐿𝐿,𝑡𝑡
𝜕𝜕𝜕𝜕

= ℎ2[𝑇𝑇(𝐿𝐿, 𝑡𝑡) − 𝑇𝑇∞2]

4. Radiation Boundary Condition

−𝑘𝑘 𝜕𝜕𝜕𝜕 0,𝑡𝑡
𝜕𝜕𝜕𝜕

= 𝜀𝜀1𝜎𝜎[𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠,1
4 − 𝑇𝑇 0, 𝑡𝑡 4]

and

−𝑘𝑘 𝜕𝜕𝜕𝜕 𝐿𝐿,𝑡𝑡
𝜕𝜕𝜕𝜕

= 𝜀𝜀2𝜎𝜎[𝑇𝑇 𝐿𝐿, 𝑡𝑡 4 − 𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠,2
4 ]

Convection boundary conditions

Source: Cengel et al. 2010

Source: Cengel et al. 2010

Radiation boundary conditions
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5. Interface Boundary Conditions
𝑇𝑇𝐴𝐴 𝑥𝑥0, 𝑡𝑡 = 𝑇𝑇𝑨𝑨 𝑥𝑥0, 𝑡𝑡
And

−𝑘𝑘𝑨𝑨
𝜕𝜕𝜕𝜕𝐴𝐴 𝑥𝑥0,𝑡𝑡

𝜕𝜕𝜕𝜕
= −𝑘𝑘𝑩𝑩

𝜕𝜕𝜕𝜕𝐵𝐵 𝑥𝑥0,𝑡𝑡
𝜕𝜕𝜕𝜕

6. Generalized Boundary Conditions

𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
𝑡𝑡𝑡𝑡 𝑡𝑡𝑡𝑡𝑡 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑖𝑖𝑖𝑖 𝑎𝑎𝑎𝑎𝑎𝑎 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

=
𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑡𝑡𝑡𝑡𝑡 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑖𝑖𝑖𝑖 𝑎𝑎𝑎𝑎𝑎𝑎 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

The interface of two bodies in perfect contact

Source: Cengel et al. 2010
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HEAT GENERATION IN A SOLID
A solid medium of surface area 𝐴𝐴𝑠𝑠 , volume 𝑉𝑉, and
constant thermal conductivity 𝑘𝑘 , where heat is
generated at a constant rate of 𝑔̇𝑔 per unit volume.
Heat is transferred from the solid to the surrounding
medium at 𝑇𝑇 , with a constant heat transfer
coefficient of ℎ . All the surfaces of the solid are
maintained at a common temperature 𝑇𝑇𝑠𝑠.

Under steady conditions, the energy balance for this solid can be expressed as:
𝑄̇𝑄 = 𝑔̇𝑔𝑉𝑉 = ℎ𝐴𝐴𝑠𝑠(𝑇𝑇𝑠𝑠 − 𝑇𝑇∞)

The surface temperature 𝑇𝑇𝑠𝑠 gives:

𝑇𝑇𝑠𝑠 = 𝑇𝑇∞ +
𝑔̇𝑔𝑉𝑉
ℎ𝐴𝐴𝑠𝑠

Source: Cengel et al. 2010
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VARIABLE THERMAL CONDUCTIVITY, 𝑘𝑘(𝑇𝑇)

Source: Cengel et al. 2010

When the variation of thermal conductivity with
temperature 𝑘𝑘(𝑇𝑇) is known, the average value of
the thermal conductivity in the temperature range
between 𝑇𝑇1 and 𝑇𝑇2 can be determined from:

𝑘𝑘𝑎𝑎𝑎𝑎𝑎𝑎 =
∫𝑇𝑇1
𝑇𝑇2 𝑘𝑘 𝑇𝑇 𝑑𝑑𝑑𝑑

𝑇𝑇2 − 𝑇𝑇1
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EXAMPLE
Heat Loss through a Steam Pipe
Consider a steam pipe of length 𝐿𝐿 = 20 𝑚𝑚 , inner
radius 𝑟𝑟1 = 6 𝑐𝑐𝑐𝑐 , outer radius 𝑟𝑟2 = 8 𝑐𝑐𝑐𝑐 , and
thermal conductivity 𝑘𝑘 = 20 𝑊𝑊 /𝑚𝑚 .℃ . The inner
and outer surfaces of the pipe are maintained at
average temperatures of 𝑇𝑇1 = 150℃ and 𝑇𝑇1 = 60℃,
respectively. Obtain a general relation for the
temperature distribution inside the pipe under
steady conditions, and determine the rate of heat
loss from the steam through the pipe. Source: Cengel et al. 2010
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Assumptions : 1. Steady, 2. One-dimensional, 3. Thermal conductivity is 
constant, 4. No heat generation.

Properties : The thermal conductivity is given to be 𝑘𝑘 = 20 𝑊𝑊/𝑚𝑚 .℃ .
Analysis : 

The mathematical formulation of this problem: 𝑑𝑑
𝑑𝑑𝑑𝑑

𝑟𝑟 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 0

Boundary conditions: 𝑇𝑇 𝑟𝑟1 = 𝑇𝑇1 = 150℃ and 𝑇𝑇 𝑟𝑟2 = 𝑇𝑇2 = 60℃

Integrating the differential equation once with respect to 𝑟𝑟 gives:

𝑟𝑟 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐶𝐶1
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐶𝐶1
𝑟𝑟

Again integrating with respect to 𝑟𝑟:
𝑇𝑇 𝑟𝑟 = 𝐶𝐶1 ln 𝑟𝑟 + 𝐶𝐶2

We now apply both boundary conditions
𝑇𝑇 𝑟𝑟1 = 𝑇𝑇1 𝐶𝐶1 ln 𝑟𝑟1 + 𝐶𝐶2 = 𝑇𝑇1
𝑇𝑇 𝑟𝑟2 = 𝑇𝑇2 𝐶𝐶1 ln 𝑟𝑟2 + 𝐶𝐶2 = 𝑇𝑇2



Method and Techniques in Geothermal Power Plant Training

Presented by _________

Analysis :
There are two equations in two unknowns, 𝐶𝐶1 𝑎𝑎𝑎𝑎𝑎𝑎 𝐶𝐶2 . Solving them
simultaneously gives

𝐶𝐶1 = 𝑇𝑇2−𝑇𝑇1
ln 𝑟𝑟2

𝑟𝑟1

and 𝐶𝐶2 = 𝑇𝑇1 −
𝑇𝑇2−𝑇𝑇1
ln 𝑟𝑟2

𝑟𝑟1

ln 𝑟𝑟1

The variation of temperature within the pipe is determined to be
𝑇𝑇 𝑟𝑟 = 𝐶𝐶1 ln 𝑟𝑟 + 𝐶𝐶2

𝑇𝑇 𝑟𝑟 =
ln 𝑟𝑟

𝑟𝑟1
ln 𝑟𝑟2

𝑟𝑟1

𝑇𝑇2 − 𝑇𝑇1 + 𝑇𝑇1
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Analysis :
The rate of heat loss from the steam is simply the total rate of heat
conduction through the pipe, and is determined from Fourier’s law to be

𝑄̇𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = −kA 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −𝑘𝑘(2𝜋𝜋𝜋𝜋𝜋𝜋) 𝐶𝐶1
𝑟𝑟

= 2𝜋𝜋𝑘𝑘𝐿𝐿
𝑇𝑇1 − 𝑇𝑇2

ln 𝑟𝑟2
𝑟𝑟1

= 2𝜋𝜋(20 𝑊𝑊/𝑚𝑚 .℃)(20 𝑚𝑚)
(150 − 60)℃

ln 0.08
0.06

𝑄̇𝑄 = 786 𝑘𝑘𝑘𝑘
Discussion : The total rate of heat transfer through a pipe is constant,
but the heat flux is not since it decreases in the direction of heat transfer
with increasing radius since ̇𝑞𝑞 = 𝑄̇𝑄/(2𝜋𝜋𝜋𝜋𝜋𝜋).
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Steady Heat Conduction
1. Steady Heat Conduction in Plane Walls
The energy balance for the wall can be expressed as:
𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 𝑜𝑜𝑜𝑜 ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑡𝑡𝑡𝑡𝑡 𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤
− 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 𝑜𝑜𝑜𝑜 ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

𝑜𝑜𝑜𝑜𝑜𝑜 𝑜𝑜𝑜𝑜 𝑡𝑡𝑡𝑡𝑡 𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 = 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 𝑜𝑜𝑜𝑜 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑜𝑜𝑜𝑜
𝑡𝑡𝑡𝑡𝑡 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑜𝑜𝑜𝑜 𝑡𝑡𝑡𝑡𝑡 𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤

𝑄̇𝑄𝑖𝑖𝑖𝑖 − 𝑄̇𝑄𝑜𝑜𝑜𝑜𝑜𝑜 =
𝑑𝑑𝐸𝐸𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤

dt
for steady operation 𝑑𝑑𝐸𝐸𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤

dt
= 0. Then the rate of heat transfer

through the wall must be constant, 𝑄̇𝑄𝑐𝑐𝑜𝑜𝑜𝑜𝑜𝑜,𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐.

𝑄̇𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 = −kA 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= kA 𝑇𝑇1−𝑇𝑇2
𝐿𝐿

(W)

If 𝑅𝑅𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 is thermal resistance of the wall against heat
conduction or simply the conduction resistance of the wall

𝑅𝑅𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 =
𝐿𝐿

kA
(℃/W)

Source: Cengel et al. 2010
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The rate of heat transfer through the wall can be described as:

𝑄̇𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 =
𝑇𝑇1 − 𝑇𝑇2
𝑅𝑅𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤

(W)

• Analogy to Electrical Current Flow:

Heat Transfer Electrical current flow
Rate of heat transfer Electric current
Thermal resistance Electrical resistance
Temperature difference Voltage difference
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THERMAL RESISTANCE
Total thermal resistance:

𝑅𝑅𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑅𝑅𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,1 + 𝑅𝑅1 + 𝑅𝑅2 + 𝑅𝑅𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,2

For a unit area, overall heat transfer
coefficient 𝑈𝑈 is the inverse of the total
thermal resistance:

𝑈𝑈𝑈𝑈 =
1

𝑅𝑅𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

Newton’s law of cooling:
𝑄̇𝑄 = 𝑈𝑈𝑈𝑈 ∆𝑇𝑇

Source: Cengel et al. 2010
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THERMAL CONTACT CONDUCTANCE

Source: Cengel et al. 2010
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HEAT CONDUCTION IN CYLINDERS
Fourier’s law of heat conduction for heat transfer
through the cylindrical layer can be expressed as:

𝑄̇𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,𝑐𝑐𝑐𝑐𝑐𝑐 = −𝑘𝑘𝑘𝑘
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

𝑄̇𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑇𝑇1−𝑇𝑇2
𝑅𝑅𝑐𝑐𝑐𝑐𝑐𝑐

(𝑊𝑊)

Thermal resistance of the cylindrical layer:

𝑅𝑅𝑐𝑐𝑐𝑐𝑐𝑐 =
ln(𝑟𝑟2/𝑟𝑟1)

2𝜋𝜋𝜋𝜋𝜋𝜋
=

ln(Outer radius/Inner radius)
2𝜋𝜋 𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 (𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)

Source: Cengel et al. 2010
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HEAT CONDUCTION IN SPHERES
Fourier’s law of heat conduction for heat transfer
through spherical layer can be expressed as:

𝑄̇𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,𝑠𝑠𝑠𝑠𝑠 = −𝑘𝑘𝑘𝑘
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

𝑄̇𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,𝑠𝑠𝑠𝑠𝑠 = 𝑇𝑇1−𝑇𝑇2
𝑅𝑅𝑠𝑠𝑠𝑠𝑠

(𝑊𝑊)

Thermal resistance of the cylindrical layer:
𝑅𝑅𝑠𝑠𝑠𝑠𝑠 = 𝑟𝑟2−𝑟𝑟1

4𝜋𝜋𝑟𝑟1𝑟𝑟2𝑘𝑘

= ln(Outer radius/Inner radius)
4𝜋𝜋(𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟)(𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟)(𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐) Source: Cengel et al. 2010
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THERMAL RESISTANCE
Now consider steady one-dimensional heat flow
through a cylindrical or spherical layer.
The rate of heat transfer under steady conditions
can be expressed as

𝑸̇𝑸 =
𝑻𝑻∞𝟏𝟏 − 𝑻𝑻∞𝟐𝟐
𝑅𝑅𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

For a cylindrical layer:

𝑅𝑅𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 =
1

(2𝜋𝜋𝑟𝑟1𝐿𝐿)ℎ1
+

ln(𝑟𝑟2/𝑟𝑟1)
2𝜋𝜋𝐿𝐿𝐿𝐿

+
1

(2𝜋𝜋𝑟𝑟2𝐿𝐿)ℎ2

For a cylindrical layer:

𝑅𝑅𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 =
1

(4𝜋𝜋𝑟𝑟12)ℎ1
+

𝑟𝑟2 − 𝑟𝑟1
4𝜋𝜋𝑟𝑟1𝑟𝑟2𝑘𝑘

+
1

(4𝜋𝜋𝑟𝑟22)ℎ2

Source: Cengel et al. 2010
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CRITICAL RADIUS OF INSULATION
The pipe is insulated with a material whose thermal
conductivity is 𝑘𝑘 and outer radius is 𝑟𝑟2. Heat is lost from
the pipe to the surrounding medium at temperature 𝑇𝑇∞,
with a convection heat transfer coefficient ℎ. The rate of
heat transfer:

𝑸̇𝑸 =
𝑻𝑻𝟏𝟏 − 𝑻𝑻∞

𝑅𝑅𝑖𝑖𝑖𝑖𝑖𝑖 + 𝑅𝑅𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
=

𝑻𝑻𝟏𝟏 − 𝑻𝑻∞
ln(𝑟𝑟2/𝑟𝑟1)

2𝜋𝜋𝜋𝜋𝜋𝜋 + 1
ℎ(2𝜋𝜋𝑟𝑟2𝐿𝐿)

At which 𝑸̇𝑸 reaches a maximum is determined from
the requirement that d𝑸̇𝑸/d𝑟𝑟2 = 0 (zero slope). Now we can
get critical radius of insulation by the differentiation
and solving for 𝑟𝑟2 𝑟𝑟𝑐𝑐𝑐𝑐,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑘𝑘

ℎ
.

It can be repeated for a sphere, we get 𝑟𝑟𝑐𝑐𝑐𝑐,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = 2𝑘𝑘
ℎ
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HEAT TRANSFER IN
COMMON CONFIGURATIONS

The steady rate of heat transfer between these two surfaces is expressed as:
𝑄𝑄 = 𝑆𝑆𝑆𝑆(𝑇𝑇1−𝑇𝑇2) , where 𝑆𝑆 is conduction shape factor
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Conduction shape factor:
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Conduction shape factor:
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Conduction shape factor:



Method and Techniques in Geothermal Power Plant Training

Presented by _________

TRANSIENT HEAT CONDUCTION
• Lumped System Analysis: interior temperature remains essentially 

uniform at all times during a heat transfer process
𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑡𝑡𝑡𝑡𝑡 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑 =

𝑇𝑇𝑇𝑇𝑇 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑖𝑖𝑖𝑖 𝑡𝑡𝑡𝑡𝑡 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
𝑜𝑜𝑜𝑜 𝑡𝑡𝑡𝑡𝑡 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑

𝑇𝑇 𝑡𝑡 − 𝑇𝑇∞
𝑇𝑇𝑖𝑖 − 𝑇𝑇∞

= 𝑒𝑒−𝑏𝑏𝑏𝑏

Where

𝑏𝑏 = ℎ𝐴𝐴𝑠𝑠
𝜌𝜌𝑉𝑉𝐶𝐶𝑝𝑝

(1/𝑠𝑠)
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• The rate of convection heat transfer between the body and its environment 
at that time:

𝑄̇𝑄 𝑡𝑡 = ℎ𝐴𝐴𝑠𝑠[𝑇𝑇 𝑡𝑡 − 𝑇𝑇∞]
• The total amount of heat transfer between the body and the surrounding 

medium over the time interval 𝑡𝑡 = 0 to 𝑡𝑡
𝑄𝑄 = 𝑚𝑚𝐶𝐶𝑝𝑝[𝑇𝑇 𝑡𝑡 − 𝑇𝑇𝑖𝑖]

• Therefore, the maximum heat transfer between the body and its
surroundings

𝑸𝑸𝒎𝒎𝒎𝒎𝒎𝒎 = 𝑚𝑚𝐶𝐶𝑝𝑝(𝑇𝑇∞ − 𝑇𝑇𝑖𝑖)
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Criteria for Lumped System Analysis

• Characteristic length: 𝐿𝐿𝑐𝑐 = 𝑉𝑉
𝐴𝐴𝑠𝑠

• Biot number : 𝐵𝐵𝐵𝐵 = ℎ𝐿𝐿𝑐𝑐
𝑘𝑘
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Transient Heat Conduction in Large Plane Walls, Long Cylinders, and 
Spheres with Spatial Effects

At time 𝑡𝑡 = 0, each geometry is
placed in a large medium that is
at a constant temperature 𝑇𝑇∞
and kept in that medium for 𝑡𝑡 >
0 . Heat transfer takes place
between these bodies and their
environments by convection with
a uniform and constant heat
transfer coefficient ℎ.
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The variation of the temperature profile with time in the plane wall

The formulation of the problems for the
determination of the one dimensional transient
temperature distribution 𝑇𝑇(𝑥𝑥, 𝑡𝑡) in a wall results in a
partial differential equation

The following dimensionless quantities:

The nondimensionalization enables us to present the temperature
in terms of three parameters only: 𝑥𝑥,𝐵𝐵𝐵𝐵, and 𝜏𝜏



Method and Techniques in Geothermal Power Plant Training

Presented by _________

The solution of one-dimensional transient heat conduction using this one 
term approximation
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Noting that cos 0 = 𝐽𝐽0(0) = 1 and the limit of (sin 𝑥𝑥)/𝑥𝑥 is also 1, these relations
simplify to the next ones at the center of a plane wall, cylinder, or sphere:
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Table of 𝐴𝐴1and λ1 (functions of 𝐵𝐵𝐵𝐵)
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Table of 𝐽𝐽0 (the zeroth-order Bessel function of the first kind)
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The change in the energy content of the body:
𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑚𝑚𝐶𝐶𝑝𝑝 𝑇𝑇∞ − 𝑇𝑇𝑖𝑖 = 𝜌𝜌𝜌𝜌𝐶𝐶𝑝𝑝 𝑇𝑇∞ − 𝑇𝑇𝑖𝑖

The fraction of heat transfer can abe determined from these
relations, which are based on the one-term approximations:
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Transient mid-plane temperature chart for 
a plane wall of thickness 2L initiallt at 
uniform temperature 𝑇𝑇𝑖𝑖 subjected to 
convection from both sides to an 
environment at temperature 𝑇𝑇∞ with a 
convection coefficient of h
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Transient temperature chart for 
a plane wall of thickness 2L 
initially at a uniform 
temperature 𝑇𝑇𝑖𝑖subjected to 
convection from both sides to 
an environment at temperature 
𝑇𝑇∞with a convection coefficient 
of ℎ.
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Transient heat transfer chart for a plane wall 
of thickness 2L initially at a uniform
temperature 𝑇𝑇𝑖𝑖 subjected to convection from 
both sides to an environment at temperature 
𝑇𝑇∞ with a convection coefficient of h.

𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑚𝑚.𝐶𝐶𝑝𝑝 𝑇𝑇∞ − 𝑇𝑇𝑖𝑖 = 𝜌𝜌𝜌𝜌𝐶𝐶𝑝𝑝 𝑇𝑇∞ − 𝑇𝑇𝑖𝑖 kJ
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