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INTRODUCTION
Convection: Heat transfer through a fluid as a medium in the presence 
of bulk fluid motion

Source: Cengel et al. 2010

Source: Cengel et al. 2010
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INTRODUCTION
Natural hydrothermal-convection systems

Source: Environmental Geology, Prentice Hall, 2000.
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Elements of a geothermal system

• Heat source: Underlying the system at depth is hot 
magma.

• Rising water: Groundwater near the magma becomes 
heated and more buoyant than the surrounding colder 
waters and rises through pathways that lead to the 
surface (hot water is also less viscous than cold water).

• Hot water plume: The rising water is discharged at the 
surface through hot springs and steaming ground.

• Interaction: The rising fluids interact chemically with 
the surrounding rocks and their temperature is 
moderated by mixing with cooler water and by local 
boiling.

• Counter flow: The upward flow of hot water from depth 
creates a downward counter-flow in the surrounding area 
so the surrounding cold water moves downwards.

• Convection system: The movement of the two types of 
water create a circulating convection system that is a 
very efficient way to transfer heat.

Source: www.gns.cri.nz
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RATE OF CONVECTION
The rate of convection heat transfer is expressed by Newton’s law of cooling

𝑞̇𝑞𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = ℎ 𝑇𝑇𝑠𝑠 − 𝑇𝑇∞ or 𝑄̇𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = ℎ𝐴𝐴𝑠𝑠(𝑇𝑇𝑠𝑠 − 𝑇𝑇∞)
where: ℎ = convection heat transfer coefficient, 𝑊𝑊/𝑚𝑚2.℃

𝐴𝐴𝑠𝑠 = heat transfer surface area, 𝑚𝑚2

𝑇𝑇𝑠𝑠 = temperature of the surface, ℃
𝑇𝑇∞ = temperature of the fluid sufficiently far from the surface, ℃

The cooling of a hot iron block with a fan blowing air over its top 
surface, we know that heat will be transferred from the hot block 
to the surrounding cooler air, and the block will eventually cool. 
We also know that the block will cool faster if the fan is switched 
to a higher speed. Replacing air by water will enhance the 
convection heat transfer even more.

Source: Cengel et al. 2010
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PHYSICAL MECHANISM OF CONVECTION
• No-slip condition

Implication of the no-slip and the no-temperature 
jump conditions can be expressed as

𝑞̇𝑞𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑞̇𝑞𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = −𝑘𝑘𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 𝑦𝑦=0

• No-temperature-jump condition
Source: Cengel et al. 2010
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Nusselt Number (nondimensionalize the governing equations)

𝑁𝑁𝑁𝑁 =
ℎ𝐿𝐿𝑐𝑐
𝑘𝑘

The Nusselt number represents the enhancement of heat transfer through
a fluid layer as a result of convection relative to conduction across the
same fluid layer. The larger the Nusselt number, the more effective the
convection.
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CLASSIFICATION OF FLUID FLOWS
1. Viscous versus Inviscid Flow
• Viscous: the effects of viscosity are significant
• Inviscid: flows of zero-viscosity fluids (frictionless)

2. Internal versus External Flow

Source: Cengel et al. 2010
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3. Compressible versus Incompressible Flow
• Compressible: 𝜌𝜌 varies
• Incompressible: 𝜌𝜌 constant

4. Laminar versus Turbulent Flow

Source: www.cfdsupport.com
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5. Natural (or Unforced) versus Forced Flow
• Natural: fluid motion is due to a natural means such as the buoyancy effect
• fluid is forced to flow over a surface or in a pipe by external means ( such as 

pump, fans, etc)

6. Steady versus Unsteady (Transient) Flow
• Steady: no change with time
• Unsteady (Transient): the flow velocity and pressure are changing with time

7. One-, Two-, and Three-Dimensional Flows

Fluid flow in a circular pipe is one-dimensional since the 
velocity varies in the radial 𝑟𝑟 direction but not in the angular 
𝜃𝜃- or axial 𝑧𝑧-directions

Source: Cengel et al. 2010
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VELOCITY BOUNDARY LAYER
The parallel flow of a fluid over a flat plate:

The hypothetical line of u = 0.99𝑢𝑢∞ divides the flow over a plate into two regions: the
boundary layer region, in which the viscous effects and the velocity changes are
significant, and the inviscid flow region, in which the frictional effects are negligible and
the velocity remains essentially constant.

Source: Cengel et al. 2010 Source: Cengel et al. 2010
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Surface Shear Stress
Friction force per unit area is called shear stress, and is
denoted by 𝜏𝜏.
• The practical approach in external flow is to relate 𝜏𝜏𝑠𝑠 to

the upstream velocity 𝑉𝑉 is:

𝜏𝜏𝑠𝑠 = 𝐶𝐶𝑓𝑓
𝜌𝜌𝑉𝑉2

2
(𝑁𝑁/𝑚𝑚2)

• The friction force over the entire surface:

𝐹𝐹𝑓𝑓 = 𝐶𝐶𝑓𝑓𝐴𝐴𝑠𝑠
𝜌𝜌𝑉𝑉2

2
(𝑁𝑁/𝑚𝑚2)

𝐶𝐶𝑓𝑓 is the dimensionless friction coefficient (determined
experimentally)

Source: Cengel et al. 2010
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THERMAL BOUNDARY LAYER
The parallel flow of a fluid over a flat plate:

The thickness of the thermal boundary layer 𝛿𝛿𝑡𝑡 at
any location along the surface is defined as the
distance from the surface at which the temperature
difference 𝑇𝑇 − 𝑇𝑇𝑠𝑠 equals 0.99(𝑇𝑇∞ − 𝑇𝑇𝑠𝑠). Note that
for the special case of 𝑇𝑇𝑠𝑠 = 0, we have 𝑇𝑇 = 0.99𝑇𝑇𝑠𝑠
at the outer edge of the thermal boundary layer.

Source: Cengel et al. 2010
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Prandtl Number (dimensionless parameter)

𝑃𝑃𝑃𝑃 =
𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑜𝑜𝑜𝑜 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑜𝑜𝑜𝑜 ℎ𝑒𝑒𝑒𝑒𝑒𝑒
=
𝑣𝑣
𝛼𝛼

=
𝜇𝜇𝐶𝐶𝑝𝑝
𝑘𝑘

The Prandtl Number number represents the relative thickness of the
velocity and the thermal boundary layers.

Source: Cengel et al. 2010
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LAMINAR AND TURBULENT FLOWS

• Laminar is characterized by smooth streamlines
and highly-ordered motion

• Turbulent is characterized by velocity fluctuations
and highly-disordered motion

• The transitionfrom laminar to turbulent flow does
not occur suddenly. It occurs over some region in
which the flow fluctuates between laminar and
turbulent flows before it becomes fully turbulent

Source: Cengel et al. 2010
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Reynolds Number (dimensionless parameter)

𝑅𝑅𝑅𝑅 = 𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓
𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉

= 𝑉𝑉𝐿𝐿𝑐𝑐
𝑣𝑣

= 𝜌𝜌𝑉𝑉𝐿𝐿𝑐𝑐
𝜇𝜇

(for external flow)

• At large Reynolds numbers, the viscous forces cannot prevent the
random and rapid fluctuations of the fluid (Turbulent)

• At small Reynolds numbers, the viscous forces are large enough to
overcome the inertia forces and to keep the fluid “in line” (Laminar)

• Critical Reynolds number, at which the flow becomes turbulent

𝑅𝑅𝑅𝑅𝑐𝑐𝑐𝑐 = 𝑉𝑉𝑥𝑥𝑐𝑐𝑐𝑐
𝑣𝑣

= 𝑢𝑢∞𝑥𝑥𝑐𝑐𝑐𝑐
𝑣𝑣

= 5x105 (flow over a flat plate)
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EXTERNAL FORCED CONVECTION
Drag and Heat Transfer in External Flow

• Friction and Pressure Drag
Drag is the force a flowing fluid exerts on a body in the flow direction
Lift is the components of the pressure and wall shear forces in the normal 
direction to flow tend to move the body in that direction, and their sum is 
called lift

𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶: 𝐶𝐶𝐷𝐷 = 𝐹𝐹𝐷𝐷
1
2𝜌𝜌𝑉𝑉

2𝐴𝐴
= 𝐶𝐶𝐷𝐷,𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 + 𝐶𝐶𝐷𝐷,𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

Source: Cengel et al. 2010

Friction drag: the part of drag that is due directly to wall 
shear stress 𝜏𝜏𝑤𝑤
Pressure drag: the part of drag that is due directly to 
pressure 𝑃𝑃
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Flow over a cylinder:

 The low-pressure region behind the 
body where recirculating and back 
flows occur is called the separation 
region

 The region of flowtrailing the body 
where the effect of the body on 
velocity is felt is called the wake 
region

Source: Cengel et al. 2010
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• Heat Transfer

Film temperature is the arithmetic average of the surface and the 
free-stream temperatures

𝑇𝑇𝑓𝑓 =
𝑇𝑇𝑠𝑠 − 𝑇𝑇∞

2

When the average drag and convection coefficients are available, the 
rate of heat transfer to or from an isothermal surface can be 
determined from:

𝑄̇𝑄 = ℎ𝐴𝐴𝑠𝑠(𝑇𝑇𝑠𝑠 − 𝑇𝑇∞)
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PARALLEL FLOW OVER FLAT PLATES
The transition from laminar to turbulent flow
depends on the surface geometry, surface
roughness, upstream velocity, surface
temperature, and the type of fluid, among other
things, and is best characterized by the Reynolds
number.

𝑅𝑅𝑅𝑅𝑥𝑥 =
𝜌𝜌𝜌𝜌𝜌𝜌
𝜇𝜇

=
𝑉𝑉𝑉𝑉
𝑣𝑣

For flow over a flat plate, the critical Reynolds
number is 𝑅𝑅𝑅𝑅𝑐𝑐𝑐𝑐 = 5x105
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Friction Coefficient

The average friction coefficient over the entire plate is:

Laminar 𝐶𝐶𝑓𝑓 = 1.328

𝑅𝑅𝑅𝑅𝐿𝐿
1/2 𝑅𝑅𝑅𝑅𝐿𝐿 < 5x105

Turbulen 𝐶𝐶𝑓𝑓 = 0.074

𝑅𝑅𝑅𝑅𝐿𝐿
1/5 5x105 < 𝑅𝑅𝑅𝑅𝐿𝐿 < 107

The average friction coefficient for turbulent flow on rough surfaces 𝑅𝑅𝑅𝑅 > 106
(from experimental data by Schlichting):

Rough surface, turbulent: 𝐶𝐶𝑓𝑓 = 1.89 − 1.62 𝑙𝑙𝑙𝑙𝑙𝑙 𝜀𝜀
𝐿𝐿

−2.5
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Heat Transfer Coefficient
The average Nusselt number over the entire plate
Laminar (𝑅𝑅𝑅𝑅𝐿𝐿 < 5x105) : 𝑁𝑁𝑁𝑁 = ℎ𝐿𝐿

𝑘𝑘
= 0.664𝑅𝑅𝑅𝑅𝐿𝐿0.5𝑃𝑃𝑃𝑃1/3

Turbulen (5x105 < 𝑅𝑅𝑅𝑅𝐿𝐿 < 107: 𝑁𝑁𝑁𝑁 = ℎ𝐿𝐿
𝑘𝑘

= 0.037𝑅𝑅𝑅𝑅𝐿𝐿0.8𝑃𝑃𝑃𝑃1/3

0.6 < 𝑅𝑅𝑅𝑅𝐿𝐿 < 60)

A single correlation that applies to all fluids by curve-fitting
existing data (proposed by Churchill and Ozoe) which is applicable
for all Prandtl numbers:

𝑁𝑁𝑁𝑁𝑥𝑥
ℎ𝑥𝑥𝑥𝑥
𝑘𝑘

=
0.3387𝑃𝑃𝑃𝑃1/3𝑅𝑅𝑅𝑅𝑥𝑥

1/2

1 + 0.0468
𝑃𝑃𝑃𝑃

2/3 1/4
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Flat Plate with Unheated Starting Length

The local Nusselt numbers for both laminar and turbulent 
flows (using integral solution methods, by Kays and 
Crawford 1994) are determined to be:

The average convection coefficients (using numerical 
integration, by Thomas 1977) :
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Uniform Heat Flux

When a flat plate is subjected to uniform heat fluxinstead of uniform
temperature, the local Nusselt number is given by

Laminar 𝑁𝑁𝑁𝑁𝑥𝑥 = 0.453 𝑅𝑅𝑅𝑅𝑥𝑥0.5𝑃𝑃𝑃𝑃1/3

Turbulen 𝑁𝑁𝑁𝑁 = 0.0308𝑅𝑅𝑅𝑅𝑥𝑥0.8𝑃𝑃𝑃𝑃1/3

When heat flux 𝑞̇𝑞𝑠𝑠sis prescribed, the rate of heat transfer to or from the
plate and the surface temperature at a distance xare determined from

𝑄̇𝑄 = 𝑞̇𝑞𝑠𝑠𝐴𝐴𝑠𝑠 and 𝑞̇𝑞𝑠𝑠 = ℎ𝑥𝑥[𝑇𝑇𝑠𝑠 𝑥𝑥 − 𝑇𝑇∞]
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FLOW ACROSS CYLINDERS AND SPHERES
Flow across cylinders and spheres is frequently
encountered in practice, for example, the tubes in
a shell-and-tube heat exchanger.

Reynolds Number

𝑅𝑅𝑅𝑅 =
𝑉𝑉𝑉𝑉
𝑣𝑣

The critical Reynolds number for flow across a
circular cylinder or sphere is 𝑅𝑅𝑅𝑅𝑐𝑐𝑐𝑐 ≈ 2x105

• Laminar 𝑅𝑅𝑅𝑅𝑐𝑐𝑐𝑐 ≤ 2x105

• Turbulent 𝑅𝑅𝑅𝑅𝑐𝑐𝑐𝑐 ≥ 2x105
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The average drag coefficients 𝐶𝐶𝐷𝐷
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Flow Separation
Flow separation occurs at about (measured from the 
stagnation point) 
• 𝜃𝜃 ≈ 80° for laminar 
• 𝜃𝜃 ≈ 140° for turbulent

The delay of separation in turbulent flow is caused by 
the rapid fluctuations of the fluid in the transverse 
direction, which enables the turbulent boundary layer 
to travel further along the surface before separation 
occurs, resulting in a narrower wake and a smaller 
pressure drag
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Effect of Surface Roughness
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HEAT TRANSFER COEFFICIENT
Nusselt number for cross flow over a cylinder (proposed by Churchill and 
Bernstein)

For flow over a sphere, Whitaker recommends the following 
comprehensive correlation:
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The average Nusselt number for flow across cylinders can be expressed
compactly as

𝑁𝑁𝑁𝑁𝑐𝑐𝑐𝑐𝑐𝑐 =
ℎ𝐷𝐷
𝑘𝑘

= 𝐶𝐶𝑅𝑅𝑅𝑅𝑚𝑚𝑃𝑃𝑃𝑃𝑛𝑛

where 𝑛𝑛 = 1
3
, the experimentally determined constants 𝐶𝐶 and 𝑚𝑚 are given from
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INTERNAL FORCED CONVECTION

 The circular tube gives the most heat transfer 
for the least pressure drop, which explains the 
overwhelming popularity of circular tubes in 
heat transfer equipment.

 Noncircular pipes are usually used in 
applications such as the heating and cooling 
systems of buildings where the pressure 
difference is relatively small and the 
manufacturing and installation costs arelower
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MEAN VELOCITY AND MEAN TEMPERATURE
The fluid velocity in a tube changes from zero 
at the surface because of the no-slip 
condition, to a maximum at the tube center.

Average or mean velocity 𝑉𝑉𝑚𝑚 remains 
constant for incompressible flow when the 
cross sectional area of the tube is constant.
For the flow through circular tube of radius R:

𝑉𝑉𝑚𝑚 = 2
𝑅𝑅2 ∫0

𝑅𝑅 𝑉𝑉 𝑟𝑟, 𝑥𝑥 𝑟𝑟 𝑑𝑑𝑑𝑑
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MEAN VELOCITY AND MEAN TEMPERATURE
When a fluid is heated or cooled as it flows through 
a tube, the temperature of the fluid at any cross 
section changes from 𝑇𝑇𝑠𝑠 at the surface of the wall to 
some maximum (or minimum in the case of 
heating) at the tube center

Average or mean temperature 𝑇𝑇𝑚𝑚 will change in 
the flow direction whenever the fluid is heated or 
cooled.
For the flow through circular tube of radius R 
(density and specific heat of fluid are constant) :

𝑇𝑇𝑚𝑚 = 2
𝑉𝑉𝑚𝑚𝑅𝑅2

∫0
𝑅𝑅 𝑇𝑇 𝑟𝑟, 𝑥𝑥 𝑉𝑉 𝑟𝑟, 𝑥𝑥 𝑟𝑟 𝑑𝑑𝑑𝑑
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Reynold Number
For flow in a circular tube, the Reynolds number is 
defined as:

𝑅𝑅𝑅𝑅 = 𝜌𝜌𝑉𝑉𝑚𝑚𝐷𝐷
𝜇𝜇

= 𝑉𝑉𝑚𝑚𝐷𝐷
𝑣𝑣

For flow in noncircular tubes, Reynold and Nusselt
are based on hydraulic diameter 𝐷𝐷ℎ

𝐷𝐷ℎ = 4𝐴𝐴𝐶𝐶
𝑝𝑝

𝐴𝐴𝐶𝐶 is the cross sectional area of the tube
𝑝𝑝 is the perimeter.
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Laminar and Turbulent Flow In Tubes

The transition from laminar to turbulent
flow also depends on the degree of
disturbance of the flow by surface
roughness, pipe vibrations, and the
fluctuations in the flow.

𝑅𝑅𝑅𝑅 < 2300 laminar flow
2300 < 𝑅𝑅𝑅𝑅 < 10000 transitional flow

𝑅𝑅𝑅𝑅 > 10000 turbulent flow
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THE ENTRANCE REGION

Hydrodynamic entrance region: from the tube inlet to the point at 
which the boundary layer merges at the centerline

Hydrodynamically fully developed region: beyond the entrance 
region in which the velocity profile is fully developed and remains 
unchanged
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THE ENTRANCE REGION

Thermal entrance region: the thermal boundary layer develops and 
reaches the tube center

Thermally fully developed region: beyond the thermalentrance region 
in which the dimensionless temperature profile expressed as 
(𝑇𝑇𝑠𝑠−T)/(𝑇𝑇𝑠𝑠−𝑇𝑇𝑚𝑚) remains unchanged
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GENERAL THERMAL ANALYSIS

The conservation of energy equation for the 
steady flow of a fluid in a tube can be 
expressed as:

𝑄̇𝑄 = 𝑚̇𝑚𝐶𝐶𝑝𝑝(𝑇𝑇𝑒𝑒 − 𝑇𝑇𝑖𝑖)
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Constant Surface Heat Flux (𝑞̇𝑞𝑠𝑠 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)

The rate of heat transfer can be expressed as

𝑄̇𝑄 = 𝑞̇𝑞𝑠𝑠𝐴𝐴𝑠𝑠 = 𝑚̇𝑚𝐶𝐶𝑝𝑝(𝑇𝑇𝑒𝑒 − 𝑇𝑇𝑖𝑖)

The mean fluid temperature at the tube exit
becomes

𝑇𝑇𝑒𝑒 = 𝑇𝑇𝑖𝑖 + 𝑞̇𝑞𝑠𝑠𝐴𝐴𝑠𝑠
𝑚̇𝑚𝐶𝐶𝑝𝑝
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Constant Surface Temperature (𝑇𝑇𝑠𝑠 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)

The rate of heat transfer can be expressed as
𝑄̇𝑄 = ℎ𝐴𝐴𝑠𝑠∆𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎 = ℎ𝐴𝐴𝑠𝑠(𝑇𝑇𝑠𝑠 − 𝑇𝑇𝑚𝑚)𝑎𝑎𝑎𝑎𝑎𝑎 (𝑊𝑊)

The mean fluid temperature at the tube exit
𝑇𝑇𝑒𝑒 = 𝑇𝑇𝑠𝑠 − (𝑇𝑇𝑠𝑠 − 𝑇𝑇𝑖𝑖)exp(−ℎ𝐴𝐴𝑠𝑠/𝑚̇𝑚𝐶𝐶𝑝𝑝)

The logarithmic mean temperature
difference is a representation of the average
temperature difference between the fluid and the
surface

∆𝑇𝑇𝑙𝑙𝑙𝑙 = 𝑇𝑇𝑖𝑖−𝑇𝑇𝑒𝑒
ln 𝑇𝑇𝑠𝑠−𝑇𝑇𝑒𝑒

𝑇𝑇𝑠𝑠−𝑇𝑇𝑖𝑖

= ∆𝑇𝑇𝑒𝑒−∆𝑇𝑇𝑖𝑖
ln ∆𝑇𝑇𝑒𝑒

∆𝑇𝑇𝑖𝑖
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LAMINAR FLOW IN TUBES

The velocity profile is obtained to be

𝑉𝑉 𝑟𝑟 = 2𝑉𝑉𝑚𝑚 1 − 𝑟𝑟2

𝑅𝑅2

The maximum velocity (at the centerline)
𝑉𝑉𝑚𝑚𝑎𝑎𝑎𝑎 = 2𝑉𝑉𝑚𝑚
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Pressure Drop

The pressure drop for all types of internal 
flows (laminar or turbulent flows, circular or 
noncircular tube smooth or rough surfaces):

∆𝑃𝑃 = 𝑓𝑓 𝐿𝐿
𝐷𝐷
𝜇𝜇𝑉𝑉𝑚𝑚2

2



Method and Techniques in Geothermal Power Plant Training

Presented by _________

Nusselt Number and Friction Factor

The average Nusselt number for the 
thermal entrance region of flow 
between isothermal parallel plates of 
length 𝐿𝐿 is 

𝑁𝑁𝑁𝑁 = 7.54 +
0.03 𝐷𝐷ℎ/𝐿𝐿 𝑅𝑅𝑅𝑅 𝑃𝑃𝑃𝑃

1 + 0.016 𝐷𝐷ℎ/𝐿𝐿 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 2/3
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TURBULENT FLOW IN TUBES

 The flow in smooth tubes is fully turbulent when 𝑅𝑅𝑅𝑅 > 10,000
 The friction factor in turbulent flow (104 < 𝑅𝑅𝑅𝑅 < 106)

𝑓𝑓 = (0.790 ln𝑅𝑅𝑅𝑅 − 1.64)−2

 The Nusselt number in turbulent flow is related to the friction factor
𝑁𝑁𝑁𝑁 = 0.125 𝑓𝑓𝑅𝑅𝑅𝑅𝑃𝑃𝑃𝑃1/3

 More accurate Nusselt number using the second Petukhov equation
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Rough Surfaces

The friction factor in fully developed turbulent flow 
depends on the Reynolds number and the relative 
roughness 𝜀𝜀/𝐷𝐷 :

1
𝑓𝑓

= −2.0𝑙𝑙𝑙𝑙𝑙𝑙 𝜀𝜀/𝐷𝐷
3.7

+ 2.51
𝑅𝑅𝑅𝑅 𝑓𝑓

 Tubes with rough surfaces have much higher
heat transfer coefficients than smooth surfaces

 It also increases the friction factor and thus the
power requirement for the pump or the fan
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The Velocity Profiles
The turbulent flow relations given 
above for circular tubes can also be 
used for noncircular tubes with 
reasonable accuracy by replacing the 
diameter 𝐷𝐷 in the evaluation of the 
Reynolds number by the hydraulic 
diameter 𝐷𝐷ℎ = 4𝐴𝐴𝑐𝑐/𝑝𝑝
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Flow through Tube Annulus
 The hydraulic diameter of annulus

𝐷𝐷ℎ = 𝐷𝐷𝑜𝑜-𝐷𝐷𝑖𝑖
 The Nusselt numbers
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 The convection coefficients for the inner and the outer surfaces can be 
determined from

𝑁𝑁𝑁𝑁𝑖𝑖 = ℎ𝑖𝑖𝐷𝐷ℎ
𝑘𝑘

and 𝑁𝑁𝑁𝑁𝑜𝑜 = ℎ𝑜𝑜𝐷𝐷𝑜𝑜
𝑘𝑘

 To improve the accuracy of Nusselt numbers, multiply 𝑁𝑁𝑁𝑁 by the
following correction factors:

𝐹𝐹𝑖𝑖 = 0.86 𝐷𝐷𝑖𝑖
𝐷𝐷𝑜𝑜

−0.16
and 𝐹𝐹𝑜𝑜 = 0.86 𝐷𝐷𝑖𝑖

𝐷𝐷𝑜𝑜

−0.16

(𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎) (𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎)
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NATURAL CONVECTION
PHYSICAL MECHANISM

• Natural convection current is the motion that results from the continual 
replacement of the heated air in the vicinity of the egg by the cooler air

• Natural convection heat transfer is a result of natural convection current
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 volume expansion coefficient 𝜷𝜷 is the property that represents the 
variation of the density of a fluid with temperature at constant pressure

 The volume expansion coefficient can be 
expressed approximately by:

𝜌𝜌∞ − 𝜌𝜌 = 𝜌𝜌𝛽𝛽(𝑇𝑇 − 𝑇𝑇∞) at 𝑃𝑃𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝜌𝜌∞ and 𝑇𝑇∞ is the density and temperature of the
quiescent fluid away from the surface.

 The volume expansion coefficient of an ideal gas:

𝛽𝛽𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑔𝑔𝑔𝑔𝑔𝑔 = 1
𝑇𝑇

(1/𝐾𝐾)
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EQUATION OF MOTION

• The thickness of the boundary layer increases in the 
flow direction

• The fluid velocity increases with distance from the 
surface, reaches a maximum, and gradually 
decreases to zero at a distance sufficiently far from 
the surface

• The equation that governs the fluid motion in the 
boundary layer due to the effect of buoyancy

𝑢𝑢 𝜕𝜕𝑢𝑢
𝜕𝜕𝑥𝑥

+ 𝑣𝑣 𝜕𝜕𝑣𝑣
𝜕𝜕𝑦𝑦

= 𝑣𝑣 𝜕𝜕2𝑢𝑢
𝜕𝜕𝑦𝑦2

+ 𝑔𝑔𝑔𝑔(𝑇𝑇 − 𝑇𝑇∞)
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THE GRASHOF NUMBER

Grashof Number 𝑮𝑮𝑮𝑮𝑳𝑳 is dimensionless parameter 
that represents the natural convection effects

𝐺𝐺𝐺𝐺𝐿𝐿 = 𝑔𝑔𝛽𝛽(𝑇𝑇𝑠𝑠−𝑇𝑇∞)𝐿𝐿𝑐𝑐3

𝑣𝑣2

𝑔𝑔 = gravitational acceleration
𝛽𝛽 = coefficient of volume expansion
𝑇𝑇𝑠𝑠 = temperature of the surface
𝑇𝑇∞ = temperature of the fluid sufficiently far from

the surface
𝐿𝐿𝑐𝑐 = characteristic length of the geometry
𝑣𝑣 = kinematic viscosity of the fluid
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NATURAL CONVECTION OVER SURFACES
• The simple empirical correlations for the 

average Nusselt number 𝑁𝑁𝑁𝑁 in natural 
convection:

𝑁𝑁𝑁𝑁 = ℎ 𝐿𝐿𝑐𝑐
𝑘𝑘

= 𝐶𝐶(𝐺𝐺𝐺𝐺𝐿𝐿 𝑃𝑃𝑃𝑃)𝑛𝑛= 𝐶𝐶𝑅𝑅𝑅𝑅𝐿𝐿𝑛𝑛

• Rayleigh number is the product of the
Grashof and Prandtl numbers:

𝑅𝑅𝑅𝑅𝐿𝐿 = 𝐺𝐺𝐺𝐺𝐿𝐿 𝑃𝑃𝑃𝑃 = 𝑔𝑔𝛽𝛽(𝑇𝑇𝑠𝑠−𝑇𝑇∞)𝐿𝐿𝑐𝑐3

𝑣𝑣2 Pr

• The rate of heat transfer by natural
convection:

𝑄̇𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = ℎ𝐴𝐴𝑠𝑠 𝑇𝑇𝑠𝑠 − 𝑇𝑇∞ 𝑊𝑊
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NUSSELT NUMBER FOR NATURAL CONVECTION OVER SURFACES
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NUSSELT NUMBER FOR NATURAL CONVECTION OVER SURFACES
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Natural Convection Cooling of Finned Surfaces
• The Rayleigh number:

𝑅𝑅𝑅𝑅𝑠𝑠 = 𝑔𝑔𝛽𝛽(𝑇𝑇𝑠𝑠−𝑇𝑇∞)𝑆𝑆3
𝑣𝑣2 Pr and 𝑅𝑅𝑅𝑅𝐿𝐿= 𝑔𝑔𝛽𝛽(𝑇𝑇𝑠𝑠−𝑇𝑇∞)𝐿𝐿3

𝑣𝑣2 Pr = 𝑅𝑅𝑅𝑅𝑠𝑠
𝐿𝐿3
𝑆𝑆3

• The average Nusselt number:

𝑁𝑁𝑁𝑁 = ℎ 𝑆𝑆
𝑘𝑘

= 576
𝑅𝑅𝑅𝑅𝑠𝑠𝑆𝑆
𝐿𝐿

2 + 2.873
𝑅𝑅𝑅𝑅𝑠𝑠𝑆𝑆
𝐿𝐿

0.5

−0.5

• The optimum fin spacing

𝑆𝑆𝑜𝑜𝑜𝑜𝑜𝑜 = 2.714 𝑆𝑆3𝐿𝐿
𝑅𝑅𝑅𝑅𝑠𝑠

0.25
= 2.714 𝐿𝐿

𝑅𝑅𝑅𝑅𝐿𝐿
0.25
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Natural Convection Cooling of Finned Surfaces
• The Nusselt number is a constant when S =

𝑆𝑆𝑜𝑜𝑜𝑜𝑜𝑜 :

𝑁𝑁𝑁𝑁 = ℎ 𝑆𝑆𝑜𝑜𝑜𝑜𝑜𝑜
𝑘𝑘

= 1.307

• The rate of heat transfer :
𝑄̇𝑄 = ℎ(2𝑛𝑛𝑛𝑛𝑛𝑛) 𝑇𝑇𝑠𝑠 − 𝑇𝑇∞

Where 𝑛𝑛 = 𝑊𝑊/(𝑆𝑆 + 𝑡𝑡) is the number of fins
• All fluid properties are evaluated at 𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎

𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎 = (𝑇𝑇𝑠𝑠 + 𝑇𝑇∞)/2
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NATURAL CONVECTION INSIDE ENCLOSURES

• When the hotter plate is at the top,no
convection currents will develop in the 
enclosure.

• When the hotter plate is at the bottom, the 
heavier fluid will be on top of the lighter fluid.

• The Rayleigh number for an enclosure is 
determined from

𝑅𝑅𝑅𝑅𝐿𝐿 = 𝑔𝑔𝛽𝛽(𝑇𝑇1−𝑇𝑇2)𝐿𝐿𝑐𝑐3

𝑣𝑣2
Pr
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Effective Thermal Conductivity

• The rate of heat transfer through the enclosure:

𝑄̇𝑄 = ℎ𝐴𝐴𝑠𝑠 𝑇𝑇1 − 𝑇𝑇2 = 𝑘𝑘𝑘𝑘𝑘𝑘𝐴𝐴𝑠𝑠
𝑇𝑇1−𝑇𝑇2
𝐿𝐿𝑐𝑐

• Effective thermal conductivity
𝑘𝑘𝑒𝑒𝑒𝑒𝑒𝑒 = 𝑘𝑘𝑘𝑘𝑘𝑘
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Horizontal Rectangular Enclosures

• For horizontal enclosures that contain air
𝑁𝑁𝑁𝑁 = 0.195𝑅𝑅𝑅𝑅𝐿𝐿

1/4, for 104 < 𝑅𝑅𝑅𝑅𝐿𝐿 < 4x105

𝑁𝑁𝑁𝑁 = 0.068𝑅𝑅𝑅𝑅𝐿𝐿
1/3, for 4x105 < 𝑅𝑅𝑅𝑅𝐿𝐿 < 107

• For other gases with 0.5 < 𝑃𝑃𝑃𝑃 < 2

𝑁𝑁𝑁𝑁 = 0.069𝑅𝑅𝑅𝑅𝐿𝐿
1/3𝑃𝑃𝑃𝑃0.074, for  3x105 < 𝑅𝑅𝑅𝑅𝐿𝐿 < 7x109

• For horizontal enclosures

𝑁𝑁𝑁𝑁 = 1 + 1.44 1 −
1708
𝑅𝑅𝑅𝑅𝐿𝐿

+

+
𝑅𝑅𝑅𝑅𝐿𝐿

1/3

18
− 1

+
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Inclined Rectangular Enclosures

• For large aspect ratios (𝐻𝐻/𝐿𝐿>12)

𝑁𝑁𝑁𝑁 = 1 + 1.44 1 −
1708

𝑅𝑅𝑅𝑅𝐿𝐿 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃

+

1 −
1708(𝑠𝑠𝑠𝑠𝑠𝑠𝑠.8𝜃𝜃) 1.6

𝑅𝑅𝑅𝑅𝐿𝐿 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃
+

𝑅𝑅𝑅𝑅𝐿𝐿 𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃 1/3

18
− 1

+

• For enclosures with smaller aspect ratios (𝐻𝐻/𝐿𝐿<12)

𝑁𝑁𝑁𝑁 = 𝑁𝑁𝑁𝑁𝜃𝜃=0°
𝑁𝑁𝑁𝑁𝜃𝜃=90°
𝑁𝑁𝑁𝑁𝜃𝜃=0°

𝜃𝜃/𝜃𝜃𝜃𝜃𝜃𝜃
(𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃𝑐𝑐𝑐𝑐)𝜃𝜃/(4𝜃𝜃𝑐𝑐𝑐𝑐) 0°<𝜃𝜃<𝜃𝜃𝑐𝑐𝑐𝑐
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Vertical Rectangular Enclosures
• For vertical enclosures

• For vertical enclosures with larger aspect ratios
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Concentric Cylinders
• The rate of heat transfer

𝑄̇𝑄 =
2𝜋𝜋𝑘𝑘𝑒𝑒𝑒𝑒𝑒𝑒

ln(𝐷𝐷𝑜𝑜/𝐷𝐷𝑖𝑖)
(𝑇𝑇𝑖𝑖 − 𝑇𝑇𝑜𝑜) (W/m)

• The effective thermal conductivity
𝑘𝑘𝑒𝑒𝑒𝑒𝑒𝑒
𝑘𝑘

= 0.386 𝑃𝑃𝑃𝑃
0.861+𝑃𝑃𝑃𝑃

1/4
𝐹𝐹𝑐𝑐𝑐𝑐𝑐𝑐𝑅𝑅𝑅𝑅𝐿𝐿

1/4

• The geometric factor for concentric cylinders

𝐹𝐹𝑐𝑐𝑐𝑐𝑐𝑐 =
ln(𝐷𝐷𝑜𝑜/𝐷𝐷𝑖𝑖)

4

𝐿𝐿𝑐𝑐3 𝐷𝐷𝑖𝑖
−3/5+𝐷𝐷𝑜𝑜−3/5

5

where 𝐿𝐿𝑐𝑐 = (𝐷𝐷𝑜𝑜 − 𝐷𝐷𝑖𝑖)/2
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